In this paper, the performance of opportunistic random beamforming (RBF) and the multiuser (MU) gain in millimeter-wave (mm-wave) MU multiple-input single-output (MISO) downlink systems are analyzed based on the uniform random single-path (UR-SP) channel model suitable for highly directional mm-wave radio propagation channels. It is shown that under the UR-SP channel model, RBF achieves linear sum rate scaling with respect to (w.r.t.) the number of transmit antennas and, furthermore, yields optimal sum rate performance when the number of transmit antennas is large, if the number of users increases linearly w.r.t. the number of transmit antennas. Several beam training and user selection methods are investigated to yield insights into the most effective beamforming and scheduling choice for mm-wave MU-MISO in various operating conditions. Simulation results validate our analysis based on asymptotic techniques for finite cases. Index Terms-Millimeter-Wave, Multi-User MIMO, Massive MIMO, Opportunistic Random Beamforming, Randomly-Directional Beamforming. 1536-1276
Randomly-Directional Beamforming in Millimeter-Wave Multiuser MISO Downlink I. INTRODUCTION
Motivation: Recently, mm-wave multiple-input multipleoutput (MIMO) operating in the band of 30-300 GHz is considered as a promising technology to attain high data rates for 5G wireless communications. Radio propagation in the mmwave band has several intrinsic properties; the propagation in the mm-wave band is highly directional with large path loss and very few multi-paths. To compensate for the large path loss in the mm-wave band, highly directional beamforming is required based on large antenna arrays which can easily be implemented in the mm-wave band due to small wavelength. To perform highly directional downlink beamforming to a user in the cell, Manuscript [1] and an extended version of this work was submitted to the IEEE JOURNAL ON SELECTED TOPICS IN SIGNAL PROCESSING [2] , and a portion of this work was presented at IEEE ITW, Jeju, Korea, October 2015 [3] . The associate editor coordinating the review of this paper and approving it for publication was Bala Natarajan.
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Digital Object Identifier 10.1109/TWC.2015.2483493 accurate channel state information (CSI) is required at the base station (BS). However, the channel is sparse in the arrival angle domain and downlink channel estimation is difficult [4] - [6] . That is, it is difficult to identify the sparse propagation angle and gain between the BS and an arbitrary receiver in the cell, and identifying the sparse channel in the angle domain requires sophisticated algorithms and heavy training overhead [4] - [7] . However, the focus of the existing channel estimation methods is single-user mm-wave MIMO systems which do not have MU diversity. Suppose directional downlink beamforming with a large uniform linear array (ULA) of transmit antennas at the BS. Although the downlink beam is highly directional, it still has some beam width because the number of transmit antennas is finite in practice. Thus, one might ask what happens if there are many users in the cell and the BS just selects the transmission beam direction randomly in the angle domain and looks for a receiver that happens to be in the beam width of the selected beam of the BS. Of course, if there exists only a single receiver in the cell, such randomly-directional beamforming (RDB) with a narrow beam width will not perform well because it will miss the receiver in most cases. However, if there exist more than one receivers randomly located in the cell, the RDB scheme may perform reasonably well with a sufficient number of users in the cell. Then, a natural question is "how many users in the cell are enough for reasonable performance of such simple RDB and RDB with multiple beams, so-called RBF [8] , in the mm-wave band?" In this paper, we investigate the performance of RDB and the associated MU gain in the mm-wave band to answer the above question.
Channel model for mm-wave MIMO systems : Since the performance of RDB (or RBF) depends on the channel model, answering the above question should be based on a meaningful channel model. In conventional lower band MIMO communication, many MU gain analyses were performed with the assumption of rich scattering, i.e., mostly under the independent and identically distributed (i.i.d.) Rayleigh fading channel model or its variants such as correlated fading or one-ring channel model [8] - [17] . However, the propagation in the mm-wave band is quite different from that in the lower band; propagation in the mm-wave band is highly directional and there are very few multi-paths in propagation channels [4] , [6] , [7] , [18] . To model wireless channels in the mm-wave band, the UR-SP channel model was proposed in [19] , [20] . The UR-SP channel model well captures the highly directional propagation in the mm-wave band and is still analytically tractable [19] , [20] . Such single-path channel models were widely-used for performance analysis of mm-wave systems [19] - [25] . Under the UR-SP channel model, the channel vector of each user in the cell has a single path component with a random direction (or angle) and a random path gain. Since there is only one path in each user's channel under the UR-SP channel model, the UR-SP channel model is a simplified channel model capturing the dominant path in directional propagation environments. To gain insights into random beamforming in the highly-directional mm-wave band and make performance analysis tractable, we adopt the UR-SP channel model in this paper even though the actual channel may lie somewhere between the UR-SP channel model and the i.i.d. Rayleigh fading channel model.
Summary of Results:
The MU gain under rich scattering environments has been investigated extensively during the last decade [8] - [17] . However, not much work has been done yet regarding the MU gain in mm-wave MU-MISO/MIMO systems. Recently, in [20] , Ngo et al. simplified the UR-SP channel model as an urns-and-balls model and numerically showed that user scheduling can improve the worst-user performance. This work provides an intuitive and insightful observation regarding the MU gain in mm-wave MU-MISO, but the urns-and-balls channel model seems a bit oversimplified compared to the UR-SP channel model since the urns-and-balls model does not consider non-orthogonal regions of UR-SP and ignores interbeam interference. In this paper, we rigorously analyze the RDB scheme, the associated MU gain, and user scheduling in mm-wave MU-MISO in an asymptotic regime in which the number of transmit antennas tends to infinity, under the UR-SP channel model capturing inter-beam interference and the assumption of an ULA at the BS, and provide guidelines for optimal operation in highly directional mm-wave MU-MISO systems. The main result of this paper is that under the UR-SP channel model, RBF achieves linear sum rate scaling w.r.t. the number of transmit antennas as the number of users increases linearly w.r.t. the number of transmit antennas, and furthermore it yields optimal sum rate performance for MU-MISO downlink with a large number of transmit antennas only with a number of users in the cell that is in the same order of the number of transmit antennas. This result is contrary to the existing result in rich scattering environments that opportunistic random beamforming does not provide a gain for MU-MISO in the regime of a large number of transmit antennas under rich scattering environments [8] , [10] , [12] . The fundamental reason for the performance difference of RBF is that the degree-of-freedom in the UR-SP channel model is one regardless of the number of transmit antennas. Thus, in this model, the orthogonality of the multiple transmit beams can be attained by simply dividing the 1-dimensional line of the normalized angle by line segments. Hence, the dimension of the search space for orthogonality is reduced from the number of transmit antennas to one when considering the UR-SP channel model instead of the Rayleigh fading channel model.
Notations and Organization: Vectors and matrices are written in boldface with matrices in capitals. For a matrix A, A T , A H , and tr(A) indicate the transpose, conjugate transpose, and trace of A, respectively. I n stands for the identity matrix of size n. (The subscript will be omitted if unnecessary.) The notation x ∼ CN(μ, ) means that x is complex Gaussian distributed with mean vector μ and covariance matrix , and θ ∼ Unif[a, b] means that θ is uniformly distributed over the range [a, b] . E[·] denotes the expectation. ι := √ −1 and Z is the set of integers. a ↑ b indicates that a converges to b from the below.
The remainder of this paper is organized as follows. In Section II, the system model and preliminaries are described. In Section III, the considered RDB scheme is explained. The asymptotic performance is analyzed for the single beam case in Section IV and for the multiple beam case with single user selection or multiple user selection in Section V. Numerical results are provided in Section VI, followed by conclusions in Section VII.
II. SYSTEM MODEL AND PRELIMINARIES
We consider a single-cell mm-wave MU-MISO downlink system in which a BS equipped with an ULA of M transmit antennas communicates with K single-antenna users. The received signal at user k is then given by
where h k = [h k,1 , h k,2 , · · · , h k,M ] T is the channel vector of user k, x is the transmitted signal vector subject to a power constraint tr(E{xx H }) ≤ P t , and n k ∼ CN(0, 1) is the additive noise at user k.
A. Channel Model
For a typical mm-wave channel, there exist very few multipaths due to the highly directional and quasi-optical nature of electromagnetic wave propagation in the mm-wave band. A general mm-wave channel is composed of a line-of-sight (LoS) propagation component and a set of few single-bounce non-LoS (NLoS) components, and hence the mm-wave channel for ULA systems can be modeled as 
Here, the normalized direction θ is connected with the physical angle of departure φ ∈ [−π/2, π/2] as θ = 2d sin(φ) λ , where d and λ are the distance between two adjacent antennas and the carrier wavelength, respectively. We assume the criticallysampled environment, i.e., d λ = 1 2 in this paper. Note that the array steering vector in (3) has unit norm and thus the normalization factor √ M is included in (2) . For mm-wave channels with LoS links, the effect of NLoS links is marginal since the path loss of NLoS components is much larger than that of the LoS component; the power |α k,i | 2 associated with NLoS paths is typically 20 dB weaker than the LoS component |α k | 2 [18] . However, even when there is no LoS path, it is suggested that communication is feasible through a NLoS path with highly directional beamforming [18] . In both cases, there exist very few paths and hence, in many works for mm-wave MIMO [19] - [26] researchers adopted the single-path (SP) model considering one dominant path which is the LoS path if a LoS path exists or the dominant NLoS path if a LoS does not exist. Here, to make analysis tractable and gain insights into the MU gain in highly-directional mmwave MIMO, we also adopt the SP model considering the dominant path. We assume that the dominant path gain is
∼ CN(0, 1) (this captures that the dominant path can be a LoS path or a NLoS path) and that the normalized direction θ k for each user k is independent and identically distributed (i.i.d.) with θ k
From the above assumptions, the considered mm-wave channel model is expressed as
where α k and θ k are the path gain and angle of the dominant path for user k. This channel model is the UR-SP model considered in [19] , [20] . In this paper, we adopt this channel model. Note that the power of the UR-SP channel model (4) is given by E{ h k 2 } = M. Thus, the channel power linearly increases w.r.t. M as in the i.i.d. Rayleigh channel model h k ∼ CN(0, I). This means that the power radiated in the space is collected by the receiver antenna.
B. Review of Opportunistic Random Beamforming in Rich Scattering Environments
Before introducing the considered RDB for large mm-wave MIMO systems with the UR-SP channel model, we briefly review the RBF scheme in [8] and its performance in rich scattering environments under which each element h k, j in the channel vector h k has an i.i.d. Rayleigh fading:
In the RBF scheme, the BS constructs a set of S random orthonormal beam vectors {u 1 , · · · , u S } and transmits each beam sequentially to the K users in the cell during the training period. Then, each user k computes the signal-to-interferenceplus-noise ratio (SINR) for each beam direction at the end of the training period, given by
After the training period, each user k feeds back its maximum SINR value, i.e., max 1≤i≤S SINR k,i , and the beam index i at which the SINR is maximum. Then, after the feedback the BS assigns each beam i to the user k (i) with the highest SINR for beam i, i.e., k (i) = arg max 1≤k≤K SINR k,i , and transmits S data streams to the selected S users. In [8] , Sharif and Hassibi derived several scaling laws of this RBF scheme in the case of S = M with the small-scale 1 MIMO in 1 In small-scale MIMO systems, M is small and K is relatively large. Hence, the authors of [8] focused on the asymptotic scenario in which K grows to infinity with fixed M or M growing much slower than K . Note that K = (e M ) for K as a function of M for the scaling of M = (log K ) considered in [8] . mind, i.e., M K , as K → ∞. Specifically, they showed
where
and c is a positive constant. (Here, x ∼ K y indicates that lim K →∞ x/y = 1.) Furthermore, they showed that [8] lim
if lim K →∞
. The above scaling laws state that the sum rate of the RBF scheme maintains linear scaling w.r.t. the number M of transmit antennas when M grows no faster than log K as K → ∞, but this linear scaling w.r.t. M is not achieved when M grows faster than log K as K → ∞. That is, the RBF scheme performs well, i.e., the RBF data rate grows linearly w.r.t. the number M of antennas in small-scale MIMO systems with a large number of users in the cell, but does not show linear scaling rate w.r.t. M in massive MIMO situations under rich scattering environments. Now consider the case of mm-wave MIMO. Due to large path loss in the mm-wave band, highly directional beamforming is required to compensate for the large path loss. This means a large antenna array at the BS, i.e., M is very large. In the following sections, we investigate the performance of RBF under the UR-SP channel model in a progressive manner from one single random beam and single user selection to multiple random (asymptotically-orthogonal) beams and multiple user selection under a massive MIMO asymptote in which M tends to infinity.
III. RANDOMLY-DIRECTIONAL BEAMFORMING IN MASSIVE mm-WAVE MISO
First, we consider the RDB strategy in the single beam downlink transmission case. In this case, during the training period, the BS chooses a normalized direction ϑ randomly and transmits the beam x in (1) given by
where ϑ ∼ Unif[−1, 1] and a(θ ) is given by (3). (We set P t = 1 for simplicity here.) Then, each user k in the cell composed of K users feeds back the average received
After the feedback period is over, the BS selects the user that has maximum signal power and transmits a data stream with the beamforming vector x in (8) to the user. Then, the expected rate R 1 of the RDB scheme is given by
2 To average out the noise effect, each user can have multiple time samples y k (i) during the training period and average the multiple samples for the
. We assume that sufficient sample average is done and will ignore possible error in step (a) in this paper.
where the expectation is over h k and x.
Consider the case of K = 1, i.e., only one user in the cell. In this case, we have an upper bound on R 1 from Jensen's inequality as
The last equality holds from E[|α 1 | 2 ] = 1 because |α 1 | 2 has a chi-square distribution with degree-of-freedom two, i.e., [20] . 3 Furthermore, it will be shown in the next section that R 1 actually goes to zero as M → ∞. Thus, the rate of the RDB scheme for K = 1 is insignificant. In this case, it is imperative to obtain the CSI of the single user to achieve the attainable rate of log
However, the situation becomes different as K becomes large. To see this, we need to represent the key term |a(θ k ) H a(ϑ)| in this paper in an explicit form. Under the UR-SP channel model, this inner product |a(θ k ) H a(ϑ)| between the transmission beam a(ϑ) with the direction angle ϑ and the channel of user k located at angle θ k plays a key role and defines the beam pattern associated with transmission beam a(ϑ). The inner product |a(θ k ) H a(ϑ)| is explicitly given by
which is called the Fejér kernel F M (·) of order M [27] . Fig. 1 shows the value of (10) versus ϑ − θ k . Note that the beam pattern ripples in a roughly diminishing manner as θ k goes away from the beam center angle ϑ, and the pattern has nulls at the angles that are multiples of 2/M. The Fejér kernel beam pattern is the standard beam pattern of ULAs [28, Chs. 2 and 3]. Typically, the non-zero region around the beam center angle ϑ is called the main lobe and the non-zero regions between nulls are called side-lobes. From (10), we have |a(θ k ) H a(ϑ)| → 
. This is because
where (a) holds from sin ≈ for small > 0. That is, the asymptotic value of |a(θ k ) H a(ϑ)| may not be zero if (ϑ − θ k ) becomes sufficiently small in the order of O 1 M (i.e., within the half of the main lobe width) as M → ∞. Suppose that we can find a user k such that |ϑ − θ k | < 1 M almost surely due to MU diversity. Then, the rate R 1 of the RDB scheme is lower bounded by
as M → ∞. In other words, if the number K of users as a function of M is sufficiently large such that there exists a user k for whom |ϑ − θ k | is sufficiently small in the order of O 1 M with high probability, the RDB scheme has asymptotically good performance.
IV. ASYMPTOTIC ANALYSIS OF THE RDB RATE: THE SINGLE BEAM CASE
With the intuition gained in the previous section, we first rigorously analyze the asymptotic performance of the RDB scheme in the single downlink beam case in this section. Direct computation of R 1 in (9) is difficult since the integral in (9) does not have a closed-form expression. To circumvent this difficulty, we use several techniques to bound R 1 by first assuming that α k = 1 for all k and focusing on the term Z k := M|a(θ k ) H a(ϑ)| 2 in (9). Then, we will include the term α k ∼ CN(0, 1) in the performance analysis later.
Lemma 1: For any constant p ∈ (−1, 1) and sufficiently large M, we have
under the event {Z k > M p }, and furthermore
Proof: From (10), the event
whereθ k ∼ Unif[−1, 1] as shown in Appendix A. A necessary condition to satisfy (15) is that the denominator in the left-hand side (LHS) of (15) should be upper bounded as
since the numerator sin πθ k M 2 ≤ 1 and M (1+ p)/2 > 1 for p ∈ (−1, 1) and M > 1. For given p ∈ (−1, 1), the value 1/M (1+ p)/2 in the right-hand side (RHS) of (16) goes to zero as M → ∞. Hence, by the fact that 2 < sin for small > 0, (16) implies that for sufficiently large M,
Therefore, (13) holds under the event {Z k > M p }, and we have the upper bound part (14), since (17) is a necessary condition for {Z k > M p }:
for sufficiently large M, sinceθ k ∼ Unif[−1, 1]. Now consider the lower bound part in (14) . From the fact that sin < for > 0, we have
If the following equation
is satisfied in addition to (19) implying (18) , then (15) is satisfied (i.e., the joint event of (19) and (20) is a sufficient condition for (15) ). It is easy to see that the solution to (20) is
Note that sin πθ k M 2 in (20) has period 2 M and the length of one interval per period contained in the set (21) is 4 3M . Hence, the set (21) occupies 2 3 length of each period of 2 M . Since the term 1 M ( p+1)/2 for given p ∈ (−1, 1) converges to zero slower than 1 M as M → ∞, multiple discontinuous intervals in the set (21) are contained in the set defined by (19) , and the length of the intersection of the sets (19) and (21) is lower bounded by 2 3 1 π M (1+ p)/2 − 2 M , where minus 2 M takes into account the impact of the last possibly partially overlapping interval. Hence, we have the lower bound part of (14):
for sufficiently large M.
Using Lemma 1 we have the following theorem. Theorem 1: For K = M q and any given q ∈ (0, 1), 4 we have asymptotic upper and lower bounds for R 1 in (9) when α k = 1 for all k, given by
for any sufficiently small > 0, where Z = max 1≤k≤K Z k and (−1, 1) . Then, we have
and c M is bounded between π 4 and 2π for sufficiently large M by Lemma 1. 5 (c M is a bounded sequence with index M.) By (23), the probability of the event {Z > M p } for any p ∈ (−1, 1) can be expressed as
Now consider an arbitrarily small given such that 0 < < min(2q, 2 − 2q) (say, if the given q = 0.9, then 0 < < 0.2). 4 The ultimate goal of this paper is to show the sum rate optimality of RBF for large M under the UR-SP channel model as K ↑ M, as shown in Corollary 2. Among several parameterizations for K ↑ M with K as a function of M, we chose the fractional power function K = M q with 0 ≤ q ≤ 1 in this paper. This parameterization easily expresses K ↑ M by letting q ↑ 1. Furthermore, when M is large as in massive MIMO, e.g. in order of hundred, the number K of active users in the cell may not be as large as M. Such an operating regime is called the sparse user regime [29] , [30] . The parameterization K = M q with 0 ≤ q ≤ 1 is effective to represent the number of users in the sparse user regime with a single parameter q and to analyze the performance of a scheduling algorithm depending on q, as seen in Section V-C. 5 Since Lemma 1 states Set p = 2q − 1 − . Then, p ∈ (−1, 1) and (25) is applicable. Compute the second term in (25) with p = 2q − 1 − , given by
where we used the fact that log(1 − x) = −x + O(x 2 ) for small x in the third step. Therefore, in this case, we have
and thus E[log(1 + Z )] can be bounded as (30) in this case. Hence, the claim on the lower bound follows. Now set p = 2q − 1 + . Then, p ∈ (−1, 1) and (25) is applicable. Again by using the techniques used in (26)-(29), compute the second term in (25) with p = 2q − 1 + , given by
where the step (a) holds by the identity e x = 1 + O(x) for small x. Therefore, in this case, the probability of the event
In the second step, we used
Hence, the claim on the upper bound follows.
Theorem 1 states that the single-beam RDB scheme under the assumption α k = 1, ∀ k has asymptotically nontrivial performance, i.e., R 1 → ∞, as M → ∞, when K = M q with q ∈ ( 1 2 , 1). On the other hand, when K = M q with q ∈ (0, 1 2 ), the RDB scheme has trivial performance, i.e., R 1 → 0, as M → ∞. Thus, q = 1 2 is the performance transition point for the single-beam RDB scheme under the UR-SP channel model. ∼ CN(0, 1).
where R 1 is the optimal single-beam RDB rate defined in (9) considering the random path gain, and E log(1 + M max k |α k | 2 ) is the optimal rate of exact beamforming based on perfect CSI at the BS. On the other hand, when q ∈ (0,
Note that the ratio 2q − 1 of the RDB rate R 1 to the exact beamforming rate is the same for both assumptions α k = 1 and α k ∼ CN(0, 1). As seen, the single-beam RDB strategy achieves 2q − 1 fraction of the exact beamforming rate based on perfect CSI at the BS. The supremum fraction of one can be achieved arbitrarily closely when the number K of users grows almost linearly w.r.t. M, i.e., q is arbitrarily close to one. Note that in the single beam case we only have the power gain by the antenna array, as shown in the maximum rate of E log(1 + M max k |α k | 2 ) even by perfect beamforming.
V. ASYMPTOTIC ANALYSIS OF THE RDB RATE: THE MULTIPLE BEAM CASE
In this section, we consider the case in which the number S of randomly-directional beams is more than one and allowed to grow to infinity as a function of M, and analyze the corresponding asymptotic performance. In the multiple beam case, the BS transmits S random beams equi-spaced in the normalized angle domain, defined as
where ϑ ∼ Unif[−1, 1], to the downlink sequentially during the training period. We assume that the network is synchronized and thus each user knows the training beam index b by the corresponding training interval. Here, the difference between the normalized directions of two adjacent beams is 2 S and the offset ϑ is randomly generated on [−1, 1]. (Recall from (3) that a(θ ) is periodic in θ with period 2.) Note that the equi-spaced beams are asymptotically orthogonal to one another, i.e.,
when S = o(M).
In the next subsections, we analyze the asymptotic performance of single user selection based on multiple training beams first and multiple user selection based on multiple beams later.
A. The Single User Selection Case
In the single user selection case, after the training period is over, each user reports the maximum of its received power values for the S training beams and the corresponding beam index. Then, the BS transmits a data stream to the user that has maximum received power with the corresponding beam w b . In this case, the rate R S is given by
First, consider the case of |α k | = 1 for all k = 1, · · · , K as before. In this case, we have the following theorem:
Theorem 3: For K = M q , S = M and any , q ∈ (0, 1) such that + q < 1, we have asymptotic lower and upper bounds on R S in the case of |α k | = 1, ∀ k, given by
Proof: Proof consists of two steps as in the proofs of Lemma 1 and Theorem 1: (i) first, we bound Pr{Z k ≤ M p } and (ii) then bound E log(1 + Z ) using the bounds on Pr{Z k ≤ M p }.
(i) First, consider
for p ∈ (−1, 1) . Let C i be the event that i = arg max b M|a(θ k ) H a(ϑ b )| 2 , i.e., C i is the event that the i-th beam is the optimal beam for user k. Note that the distribution of 1] and the Fejér kernel F M (θ) is a periodic function with period 2. Hence, the events C 1 , C 2 , · · · , C M are equally probable as Pr{C i } = 1 S = 1 M for every i = 1, · · · , M . Furthermore, the conditional events A|C 1 , A|C 2 , · · · , A|C M are also equally probable, i.e., Pr{A|C 1 } = · · · = Pr{A|C M } since the situation is the same for each ϑ b due to the periodicity of F M (·) of period two andθ k ∼ Unif[−1, 1]. Hence, by the law of total probability and Bayes' rule, we have
Thus, to bound Pr{A}, we need to bound Pr{A, C 1 }. In order to bound Pr{A, C 1 }, we find a sufficient condition for the event
for sufficiently large M, where δ = p − (2 − 1) > 0. (Here, step (a) is by (13) of Lemma 1 with p ∈ (−1, 1) , and step (b) is by the new additional condition p > 2 − 1.) Therefore, in this case,
S for any b = 1 and sufficiently large M, and this implies for sufficiently large M C 1 ( p) ⊂ C 1 for p ∈ (−1, 1) and p > 2 − 1.
(46)
By using (46) and (47), we have
when p ∈ (−1, 1) and p > 2 − 1 (these two conditions are required to apply (46) for step (d), and step (c) is valid by (47)). Now by applying (14) of Lemma 1 to the last term in (48) and using Pr{A} = M · Pr{A, C 1 }, we have for p ∈ (−1, 1) and (24) of the proof in Theorem 1 and following the proof of Theorem 1, we have for p = 2q + 2 − 1 − with arbitrarily small > 0,
and for p = 2q + 2 − 1 + with arbitrarily small > 0,
provided that + q < 1 (this is required for the condition p ∈ (−1, 1) ), where x M y indicates lim M→∞ x/y ≥ 1. Therefore, we have (44). Corollary 1: For K = M q , S = M and any , q ∈ (0, 1) such that 1 2 < + q < 1, we have
When the number S of training beams is fixed, i.e., = 0, Corollary 1 reduces to the single beam result in (40). In the single user selection with multiple training beams, as seen in (52), the supremum of one for the achievable fraction can be achieved arbitrarily closely by the combination of multiple users q and multiple training beams . Thus, when there exist not sufficiently many users in the cell, multiple training beams can be used to enhance the RDB performance. Note that even for q = 0, the optimal rate can be achieved with R S by making ↑ 1, as expected. (In fact, this case corresponds to the case considered in the previous works on channel estimation for sparse mm-wave MIMO channels, e.g. [6] .) Note also that the effect of two terms is not distinguishable at least in terms of the rate during the data transmission period, although multiple training beams require more training time. It can be shown that even with consideration of the random channel gain
∼ CN(0, 1), the same result as (52) is valid.
B. The Multiple User Selection Case: Multiplexing Gain
Finally, aiming at multiplexing gain, we consider multiple user selection with RDB with multiple beams, where interbeam interference should be considered, and investigate what can be achieved under the assumption of |α k | = 1, ∀ k for simplicity. The considered multi-user multi-beam scheme here is basically the conventional RBF scheme in [8] with the S random (asymptotically) orthogonal beams given by u b , b = 1, · · · , S, defined in (41). In this scheme, we choose a user that has maximum SINR for each beam u b , b = 1, · · · , S, and transmit S independent data streams to the S selected users. In this case, the received signal of a selected user κ b is given by
S is the per-user power of each scheduled user, and the second term in the RHS of (53) is the inter-beam or inter-user interference. The expected sum rate of this RBF method is given by
where the data rate of each scheduled user κ b for beam b is given by
We first introduce the following lemma necessary to derive the asymptotic result regarding (54) and (55): Lemma 2: For |θ k | ∈ (0, 1], we have an upper bound for
Proof: Since F M (θ k ) and 1 M|θ k | are even functions, it is enough to considerθ k ∈ (0, 1] only. From (10), we have an upper bound of F M (θ k ):
where (a) follows from | sin πθ k M 2 | ≤ 1 and sin πθ k 2 > 0 for θ k ∈ (0, 1], and (b) follows from
. Now the following theorem shows the asymptotic result on the RBF per-user rate (55) when the total power P t is fixed regardless of S. Theorem 4: For K = M q , S = M with q ∈ (0, 1) and ∈ (0, q − 2 ), asymptotic upper and lower bounds on the per-user rate R κ b of selected user κ b for fixed total transmit power P t = 1 are given by
for any sufficiently small > 0. Proof: The flow of proof is to first find lower and upper bounds on R κ b , denoted by L and U , respectively, and then to show that the bounds L and U are asymptotically bounded as
To find L and U , we consider a virtual user selection method based on maximizing signal power not SINR for each beam a(ϑ b ), i.e.,
Since the userκ b is chosen based on maximizing signal power only, we have SINRκ b ,b ≤ SINR κ b ,b . Therefore, a lower bound on R κ b can be obtained as
where Z bb := M|a(θκ b ) H a(ϑ b ))| 2 for b = 1, · · · , S. Furthermore, an upper bound on R κ b can be obtained by simply ignoring the inter-beam interference as
By modifying Theorem 1 to include ρ = 1/S = M − in front of Z bb and applying the modified theorem to U in (59), we obtain
for large M provided that < (1 + p)/2; (d) follows from ∞ j=1 1 j 2 = π 2 6 ; and the last step holds because Pr{Z bb ≥ M p } → 1 for p < 2q − 1 by (30) and π 2 M −1 3 → 0 for < 1. Hence the claim on the lower bound follows.
Note that the conditions used to derive (63) and (60) are p < 2q − 1, < (1 + p)/2, and < 1, and q and are given. Set p = 2q − 1 − for > 0. Then, < q − /2 < 1 since q ∈ (0, 1). This concludes proof.
In Theorem 4, the condition < q − /2 < 1 guarantees that the S beams are asymptotically orthonormal by (42) and there exist more users than the number of beams in the cell by the difference in the fractional orders q and . Now consider the sum rate (54) of the RBF scheme with multi-beam multi-user selection. The result is summarized in the following corollary to Theorem 4. This is because from (55) the best per-user rate R κ b is log 2 for P t = 1 when there is no interference, since ρ = 1/M for P t = 1. Thus, for large M, RBF achieves optimal sum rate under the UR-SP channel model.
The result in Corollary 2 is a significant difference from the sum rate behavior (7) of the RBF method [8] in large-scale MIMO, i.e., lim K →∞ log K M = 0, under the i.i.d. Rayleigh fading channel model (5) representing rich scattering environments. The major performance difference results from
the difference in degrees-of-freedom in the two channels, the UR-SP channel (4) and the i.i.d. Rayleigh fading channel (5) . In the i.i.d. Rayleigh fading channel case, we have M independent parameters and the channel vector is randomly located within a ball in the M-dimensional space. Consider a cone around each axis in the M-dimensional space so that channel vectors each of which is contained in each of the cones are roughly orthogonal, as shown in Fig. 3 of [15] . Then, the probability that a channel vector generated randomly according to (5) falls into such a cone is exponentially decreasing as M increases (See Appendix C). Hence, if the number K of users randomly distributed within the ball does not increases exponentially fast w.r.t. the dimension M (i.e., lim K →∞ log K M = 0), it is difficult to find M users whose channel vectors are contained in the M roughly-orthogonal cones (one for each) [8] , [10] , [12] (the goal of SUS [9] , RBF [8] or ReDOS-PBR [15] scheduling is to find such M users), and linear sum rate scaling by RBF w.r.t. the dimension M (i.e., the number of antennas) is not attainable. In the considered mm-wave MIMO with the UR-SP channel model, however, the situation is quite different. Theorem 4 and Corollary 2 state that linear sum rate scaling w.r.t. M is possible only with K ↑ M in this case. This is because the degree-offreedom in the UR-SP channel model (4) with α k = 1 is one regardless of the value of M. The orthogonality of the multiple transmit beams is attained by simply dividing the line of the normalized angle θ with length 2 by line segments each with length 2/S = 2/M . Thus, if K = M q with q > , there exists sufficient users in each line segment one of which is well matched to the transmit beam direction associated with each line segment if 2q − 1 − > 0. In fact, the channel matrix composed of the channel vectors of the users scheduled in such a way satisfies the asymptotically favorable propagation condition in [20] .
C. Performance Comparison: The Sparse User Regime and the Fractional Rate Order
In this subsection, we compare the asymptotic performance of the three schemes considered in the previous sections. Previously, it is shown that RBF is optimal in sum rate for large M when K , S approaching M under the UR-SP channel model. When M is order of hundred as in massive MIMO, the number K of active users in the cell may be smaller than M and the network may be operated in the sparse user regime [29] , [30] . In order to compare the relative performance in the sparse user regime, where the sparse number of active users in the cell is captured as the fractional power function K = M q , 0 ≤ q ≤ 1, we define the fractional rate order (FRO) γ as
Here, we assume α k = 1, ∀ k and P t = 1. Note that R = (M γ ) for γ = 0. For γ > 0, R increases to infinity as M → ∞, whereas for γ < 0, R decreases to zero as M → ∞. Now 
where we used log(1 + x) = x for small x for the second part. Next, for the multi-beam RDB scheme with single-user selection, we have
by Theorem 3 with setting such that 1/2 < + q < 1. Here, γ S = 0 is achieved even for q ∈ (0, 1/2) because of added . Finally, we consider the multi-beam multi-user selection RDB or RBF. In this case, R M = (M log(1 + M 2q− −1 )) from Theorem 4 and (54). Fig. 2 shows (65), (66) and (67) versus q ∈ (0, 1), and shows which strategy is better for different q determining the number of users in the cell relative to the number of transmit antennas. R M has the largest FRO for q ∈ ( 1 2 , 1), whereas R S has the largest FRO for q ∈ (0, 1 2 ). γ 1 is a lower bound on both γ S and γ M for all q ∈ (0, 1). Note that γ M ↑ 1 as q ↑ 1, which shows the optimality of RDB as mentioned already.
VI. NUMERICAL RESULTS
In this section, we provide some numerical results to validate our asymptotic analysis in the previous sections. All the expectations in the below are average over 5000 channel realizations and we set P t = 1. 
A. The Single Beam Case
To verify the asymptotic analysis in Section IV, we considered a mm-wave MU-MISO downlink system with the UR-SP channel model. Fig. 3(a) versus q for M = 100, 500, 1000, 5000, 10000 for α k = 1 and α k ∼ CN(0, 1), respectively. It is seen that the curve of
log(1+M) versus q gradually converges to the theoretical line of 2q − 1 for q > 1 2 and 0 for q ≤ 1 2 as M increases. Note that there exist some gap between the theoretical asymptotic line and the finite-sample results. This results from the slow rate of convergence. Fig. 4(a) and (b) show the actual RDB rate w.r.t. M for q = 0.1 to 0.5 and q = 0.6 to 1, respectively, in the case of α k ∼ CN(0, 1) . It is seen in Fig. 4(a) that the RDB rate for q below 0.5 decreases as M increases, but it almost remains the same when q = 0.5. On the other hand, it is seen in Fig. 4(b) that the RDB rate for q above 0.5 increases as M increases. (Since x-axis is in log scale, the rate curve is linear as 
B. The Multiple Beam Case
We first considered the multiple beam RDB with single user selection. Fig. 5(a) and (b) show the ratio of the multiple beam RDB rate R S with single-user selection to the rate with perfect CSI versus q for different in the cases of α k = 1 and α k ∼ CN(0, 1), respectively, when M = 1000. It is seen that the simulation curves roughly match the theoretical lines. We then verified the rate R S for q = 0.3 with different . It is seen in Fig. 6(a) that R S increases as M increases for the cases of > 0.2 (i.e., q + > 0.5), as predicted by Theorem 3. On the other hand, the rate decreases for the case of < 0.2 as M increases. Finally, we verified the multi-beam multi-user selection RDB. We set to q = 0.7 and used α k ∼ CN(0, 1) , ∀ k. Fig. 6(b) shows the per-user rate R κ b in Theorem 4 versus M for different . It is seen that the per-user rate R κ b increases when < 0.4, whereas it decreases when > 0.4, as M increases, as predicted by Theorem 4 (i.e., 2q − 1 − > 0 or 2q − 1 − < 0).
VII. CONCLUSION
We have considered RDB for millimeter-wave MU-MISO and examined the associated MU gain, using asymptotic performance analysis based on the UR-SP channel model which well captures radio propagation channels with few multipaths in the mm-wave band. We have shown that there exists a transition point on the number of users relative to the number of transmit antennas for non-trivial performance of the RDB scheme and have identified the case in which downlink training and channel estimation are important for good performance. We have also shown that linear sum rate scaling w.r.t. the number of transmit antennas can be achieved under the UR-SP channel model by RBF based on multiple beams equi-spaced in the angle domain and proper user scheduling, if the number of users in the cell increases linearly w.r.t. the number of transmit antennas. We have compared three RDB schemes composed of beamforming and user scheduling based on the newly defined fractional rate order, yielding insights into the most effective beamforming and scheduling choices for mm-wave MU-MISO in various operating conditions. Simulation results validate our theoretical analysis. The results here are based on the simplified UR-SP channel model capturing high propagation directivity, and thus extension to a general multipath channel model is left as future work. 
APPENDIX

APPENDIX B PROOF OF THEOREM 2
Before proving Theorem 2, we prove another interesting lemma of which proof is partly used in proof of Theorem 2. ∼ CN(0, 1), we have
where k = arg max k Z k , and R 1 is the optimal RDB rate in (9) considering the random path gain. Proof: R 1 is bounded as 
where e j is the j-th column of the M × M identity matrix, and η ∈ (0, 1). The probability that the channel vector h k ∼ CN(0, I M ) is contained in the cone C j is given by
where (a) becomes tight for large M due to h k 2 /M → 1, and (b) holds by |h k, j | 2 ∼ χ 2 (2) . Therefore, the probability that the cone C j contains at least one out of the K channel vectors is given by (0, 1) is a constant. This is the physical intuition behind the results in [8] .
